Introduction
Let Ω be a bounded domain in R 2 with piecewise smooth boundary ∂Ω and consider the following initial boundary value problems for a class of partial differential equations in Ω × [0, T ]: The problem (1.1) describes many physical processes such as heat transfer with memory [1] [2] [3] [4] , gas diffusion [5] , propagation of sound in viscous media [6] [7] [8] and fluid dynamics.
The finite element methods to problem (1.1) have been studied by several authors. Cannon and Lin [9] demonstrated optimal order error estimates in the L 2 norms and L p norms error estimates in R d (d 4) . Optimal maximum norm estimates are given by other author. However, the finite volume element methods have not been used to deal with Eqs. (1.1). In fact, the finite volume element methods have the same convergence orders as the corresponding finite element methods, but they require less computational expenses, and keep the mass conservation [10] . The aim of this paper is to provide a theory for the finite volume element methods for Eqs. (1.1). We derive the optimal error estimates in L p and W 1,p for 2 p ∞. Moreover, some superconvergence is also obtained.
Preliminaries and FVE schemes
In this paper we will follow the notations and symbols in [11] . For examples, let T h be a triangular partition for Ω, Ω h = {P i } denote the set of all nodes of T h , andΩ h =Ω h /∂Ω denote the set of all interior nodes in T h . Let T * h be the barycenter dual partition of T h and Ω * h = {Q i } denote the set of all nodes of T * h . In this paper, we shall assume partitions
; P 0 ∈Ω h } to be quasi-uniform, that is, there exist three positive constants C 1 , C 2 and
The test function space 
Let K = P 1 P 2 P 3 be any triangular, S K denote the area of K , and (x
2 ) the rectangular coordinates of the vertex P l of K , l = 1, 2, 3. So we may represent any u h ∈ U h over element K :
In addition, (a)
The test function space
Therefore, any v h ∈ V h can be expressed as follows: 
(2.5)
For error estimates, we next introduce the Ritz projection operator
and the generalized Ritz-Volterra projection operator
Differentiating (2.8) with respect to t, we can obtain the equivalence of (2.8):
. Then, the semi-discrete finite volume element schemes of (1.1) is to find a map u h (t)
where
Important properties
Define some discrete norms in U h : for ∀u h ∈ U h ,
where S *
Then we can easily prove the following lemmas. [11, 12] .) There exist two positive constants C 1 and C 2 , independent of h, such that for any u h ∈ U h ,
Lemma 3.1. (See
(See [11, 12] .) For ∀u h , w h ∈ U h ,
According to the technique given in [11, 12] , it is easy to derive the following conclusions: 
For simplicity, we set
We now present a very useful lemma:
where 1 p ∞,
Lemma 3.6. (See [12].) For any u h
Similar to the proof given in [11, 12] , we can deduce the properties of the generalized Ritz-Volterra projection.
For convenience, we write
Lemma 3.8. If u 0 , u 1 and u 0h , u 1h are the initial values of (1.1) and (2.9), respectively, then
By noting that
e. ξ tt (0) = 0, the conclusion of (3.7)(a) is proved. To show (3.7)(b), apply (2.5), (2.9) and (2.8) to get the error equation:
Integrating (3.8) with respect to t and noting ξ(0) = 0, we can obtain the equivalence of (3.8), by (2.4)(b),
Hence, this completes the proof of (3.7)(b). 2 Lemma 3.9. If u and u h are the solution of (1.1) and (2.9), respectively, then
The above is also written as
Noting ξ(0) = 0, Lemmas 3.4 and 3.6 and integrating from 0 to t, we get
here we have applied the inverse properties of the finite element space and ξ t 1 Ch −1 ξ t . Thus, the conclusion follows from Gronwall's Lemma, and Lemmas 3.7 and 3. 
Error analysis and superconvergence
We next demonstrate a superconvergence results of u h − V * h u. 
